The Static Maxwell System in Three Dimensional Inhomogeneous Isotropic
  Media, Generalized Non-Euclidean Modification of the System $(R)$ and Fueter
  Construction by Bryukhov, Dmitry
ar
X
iv
:1
90
4.
08
29
9v
4 
 [m
ath
.A
P]
  2
2 M
ar 
20
20
The Static Maxwell System in Three Dimen-
sional Inhomogeneous Isotropic Media, Gen-
eralized Non-Euclidean Modification of the
System (R) and Fueter Construction
Dmitry Bryukhov
Abstract. This paper extends our previous joint paper with Ka¨hler,
published in 2017, on problems of the static Maxwell system in three
dimensional axially symmetric inhomogeneous media. Applied pseudo-
analytic function theory, developed by Kravchenko, allows us to char-
acterize new subclasses of meridional and transverse electrostatic fields
in axially symmetric inhomogeneous media in two dimensional setting.
Quaternionic analysis in R3, using analytic solutions of the system (R),
allows us to characterize new subclasses of harmonic solutions of the
static Maxwell system in homogeneous media in three dimensional set-
ting. Leutwiler in 1992 initiated new approach of modified quaternionic
analysis in R3, using analytic solutions of a hyperbolic non-Euclidean
modification (H) of the system (R). Applications of modified quater-
nionic analysis and contemporary hyperbolic function theory in prob-
lems of geometrical optics and geo-electrostatics of inhomogeneous me-
dia are presented now. Some new classes of electrostatic potentials in
three dimensional setting are implemented using Bessel functions. The
singular sets of the electric field gradient tensor allow us to character-
ize new geometric properties of meridional fields in axially symmetric
inhomogeneous media in the context of generalized axially symmetric
potential theory (GASPT). Fueter construction allows us to present a
wide range of meridional electrostatic models.
Mathematics Subject Classification (2010). Primary 35Q61, 78A30; Sec-
ondary 35Q05, 30G20, 30C65, 30G35.
Keywords. electrostatic fields; inhomogeneous isotropic media; modified
quaternionic analysis; GASPT; the Fueter holomorphic potential; the
Euler’s Gamma function of the reduced quaternionic argument.
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1. Introduction
Contemporary aspects of geometrical optics of inhomogeneous media with
dielectric permittivity ε = ε(x0, x1, x2) (see, e.g., [7, 46, 15, 43]) and contem-
porary aspects of geo-electrostatics of inhomogeneous media with electrical
conductivity σ = σ(x0, x1, x2) (see, e.g., [74, 72]) suggest a detailed study
of a wide range of electrostatic models in the context of the static Maxwell
system in three dimensional inhomogeneous isotropic media, provided by a
variable C1-coefficient φ = φ(x0, x1, x2) > 0:{
div (φ~E) = 0,
curl ~E = 0,
(1.1)
where the vector ~E = (E0, E1, E2) is known as the electric field strength.
In our setting the space R3 = {(x0, x1, x2)} includes the longitudinal
variable x0. The vector ~E in simply connected open domains Λ ⊂ R3 obeys
the relation ~E = grad h (up to the sign of the scalar function h). The elec-
trostatic potential h = h(x0, x1, x2) allows us to reduce C
1-solutions of the
system (1.1) to C2-solutions of the continuity equation:
div(φ grad h) = 0. (1.2)
In particular, local isothermal coordinates allow us to study rich geo-
metric properties of the equipotential surfaces (see, e.g., [60, 58, 70]).
The Eq. (1.2) in three dimensional setting is written as (see, e.g., [74])
φ
(
∂2h
∂x0
2 +
∂2h
∂x1
2 +
∂2h
∂x2
2
)
+
∂φ
∂x0
∂h
∂x0
+
∂φ
∂x1
∂h
∂x1
+
∂φ
∂x2
∂h
∂x2
= 0. (1.3)
In the context of contemporary non-Euclidean geometry we deal with
the Laplace-Beltrami equation (see, e.g., [22, 1])
∆B h := φ
−3div(φ grad h) = 0 (1.4)
with respect to the conformal metric
ds2 = φ2(dx0
2 + dx1
2 + dx2
2). (1.5)
Euclidean geometry is implemented in case φ = const. Some new classes
of three dimensional harmonic solutions of the static Maxwell system in ho-
mogeneous media {
div ~E = 0,
curl ~E = 0,
(1.6)
where (E0, E1, E2) := (u0,−u1,−u2), have been studied in the context of
quaternionic analysis in R3 by Brackx, Delange, Sommen et al. by means of
the reduced quaternion-valued monogenic functions u = u0+iu1+ju2, whose
components ul = ul(x0, x1, x2) (l = 0, 1, 2) are real-valued functions of real
variables x0, x1, x2 (see, e.g., [8, 52, 19, 38]).
The electrostatic potential h = h(x0, x1, x2) in homogeneous media
obeys the Laplace equation:
div(grad h) = ∆h = 0.
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General class of analytic solutions of the system (1.6) is represented as
class of analytic solutions of the system
(R)


∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2
= 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
.
This system is called the system (R) in honor of Riesz (see, e.g., [52, 19, 38]).
As noted by several authors, the theory of monogenic functions in the
context of quaternionic analysis in R3 (see, e.g., [8, 52, 19, 37, 38]) does
not cover the set of three dimensional Mo¨bius transformations (see, e.g.,
[1, 37]). The reduced quaternionic power functions u = u0 + iu1 + ju2 =
(x0 + ix1 + jx2)
n (n ∈ Z) are not included into the theory of the reduced
quaternion-valued monogenic functions (see, e.g., [30]).
General class of C1-solutions of the system (1.1) is represented as general
class of C1-solutions of the system

φ (∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2
) + ( ∂φ
∂x0
u0 − ∂φ∂x1u1 −
∂φ
∂x2
u2) = 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
,
(1.7)
where ~E = (u0,−u1,−u2). This system, initiated by the author jointly with
Ka¨hler at the University of Aveiro, November 2015, may be considered as
new generalized non-Euclidean modification of the system (R) with respect
to the conformal metric (1.5).
The static Maxwell system (1.1) in our setting is written as

φ div ~E + ∂φ
∂x0
E0 +
∂φ
∂x1
E1 +
∂φ
∂x2
E2 = 0,
∂E0
∂x1
= ∂E1
∂x0
, ∂E0
∂x2
= ∂E2
∂x0
,
∂E1
∂x2
= ∂E2
∂x1
.
(1.8)
Definition 1.1. An inhomogeneous medium, whose properties are constant
throughout every plane perpendicular to a fixed direction, is called a layered
inhomogeneous medium [7].
In particular, suppose that properties of inhomogeneous media are con-
stant throughout every plane perpendicular to the x2-axis. Then φ = φ(x2)
and we deal with electrostatic models in plane-layered (sometimes called ”pla-
narly layered”) inhomogeneous media (see, e.g., [46, 15]).
The main goal of this paper is to compare electrostatic models in spe-
cial plane-layered inhomogeneous media, where φ = φ(x−α2 ) (α ∈ R), with
relevant electrostatic models in special axially symmetric (sometimes called
”cylindrically layered”) inhomogeneous media, where φ = φ(ρ−α) (see, e.g.,
[46, 15, 43, 14]), using analytic and geometric tools of generalized hyperbolic
and axially symmetric non-Euclidean modifications of the system (R).
The paper is organized as follows. In Section 2, we recall basic notations
of modified quaternionic analysis in R3 and relevant properties of electrostatic
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models. In Section 3, we present generalized hyperbolic non-Euclidean modi-
fication of the system (R) and implement new class of α-hyperbolic harmonic
potentials in Cartesian coordinates using Bessel functions. Applied properties
of Vekua-type systems related to hyperbolic function theory are considered.
In Section 4, we present generalized axially symmetric non-euclidean mod-
ification of the system (R) and implement new class of α-axial-hyperbolic
harmonic potentials in cylindrical coordinates using Bessel functions. Crite-
rion of joint class of α-hyperbolic harmonic and α-axial-hyperbolic harmonic
potentials is formulated. In Section 5, we present generalized bi-hyperbolic
non-Euclidean modification of the system (R) in the context of generalized
bi-axially symmetric potential theory. We implement new class of (α1, α2)-
bi-hyperbolic harmonic potentials in Cartesian coordinates in comparison
with class of α-hyperbolic harmonic potentials. Criterion of joint class of
(α1, α2)-bi-hyperbolic harmonic and (α1 + α2)-hyperbolic harmonic poten-
tials is formulated. In Section 6, we focus on meridional electrostatic fields in
axially symmetric inhomogeneous media and study geometric properties of
the singular sets of the EFG tensor. In our setting the Fueter holomorphic
potential is presented as an extension of the complex potential in the context
of GASPT. In Section 7, we consider meridional electrostatic models, de-
scribed by the one-sided and two-sided reduced quaternionic Laplace-Fueter
transforms of classical real-valued originals. In particular, meridional elec-
trostatic model, described by the Euler’s Gamma function of the reduced
quaternionic argument, is explicitly demonstrated in the context of GASPT.
Further we implement new subclasses of meridional electrostatic fields, de-
scribed by the reduced quaternionic Fourier-Fueter cosine, sine and exponen-
tial transforms. In Section 8, we consider physical and geometric aspects of
electrostatic models in inhomogeneous anisotropic media. New generalized
Riemannian modification of the system (R) is initiated.
2. Basic Notations and Preliminaries
The real algebra of quaternions H is a four dimensional skew algebra over
the real field generated by real unity 1. Three imaginary unities i, j, and k
satisfy to the following multiplication rules
i2 = j2 = k2 = ijk = −1, ij = −ji = k.
The independent quaternionic variable is defined as
x = x0 + ix1 + jx2 + kx3.
Suppose that ρ =
√
x21 + x
2
2 + x
2
3 and ρ > 0. We get x = x0+ Iρ, where
I = ix1+jx2+kx3
ρ
and I2 = −1.
The quaternion conjugation of x is defined by the following automor-
phism:
x 7→ x := x0 − ix1 − jx2 − kx3.
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In such way, we deal with the Euclidean norm in R4
‖x‖2 := xx = x20 + x21 + x22 + x23 := r2,
and the identification
x = x0 + ix1 + jx2 + kx3 ∼ (x0, x1, x2, x3)
between H and R4 is valid. Moreover, for every non-zero value of x an unique
inverse value exists: x−1 = x/‖x‖2.
The dependent quaternionic variable is defined as
u = u0 + iu1 + ju2 + ju3 ∼ (u0, u1, u2, u3).
The quaternion conjugation of u is defined by the following automor-
phism:
u 7→ u := u0 − iu1 − ju2 − ku3.
We have to deal with the space of reduced quaternions in case x3 = 0.
Hereby, the independent reduced quaternionic variable x = x0 + ix1 + jx2
may be identified with the vector (x0, x1, x2) ∈ R3.
If ρ > 0, the polar angle ϕ and the azimuthal angle θ are described as
ϕ = arccos x0
r
(0 < ϕ < π), θ = arccos x1
ρ
(0 ≤ θ ≤ 2π).
In cylindrical and spherical (sometimes called ”polar”) coordinates we
get
x = x0 + ρ(i cos θ + j sin θ) = r(cosϕ+ i sinϕ cos θ + j sinϕ sin θ).
The polar angle ϕ may be characterized as the argument of the reduced
quaternionic variable x in case ρ > 0: arg x := ϕ [51, 13].
Definition 2.1. Let Ω ⊂ R3 be an open set. Every continuously differentiable
mapping u = u0+ iu1+ju2 : Ω→ R3 is called the reduced quaternion-valued
C1-function u = u(x) in Ω.
In the context of the system (1.1) the Jacobian matrix J( ~E) with com-
ponents Jlm( ~E) =
∂El
∂xm
(l,m = 0, 1, 2) is interpreted as the EFG tensor.
Definition 2.2. Let Λ ⊂ R3 be a simply connected open domain. Every point
x∗ ∈ Λ, where an electrostatic field ~E satisfies condition detJ( ~E) = 0, is
called a singular point of the EFG tensor J( ~E) in Λ. The set of singular
points x∗ ∈ Λ is called the singular set of the EFG tensor J( ~E) in Λ.
Geometric properties of the singular sets of continuously differentiable
mappings are studied in contemporary catastrophe theory (see, e.g., [6, 64]).
In our setting the characteristic equation of the EFG tensor

∂E0
∂x0
∂E0
∂x1
∂E0
∂x2
∂E1
∂x0
∂E1
∂x1
∂E1
∂x2
∂E2
∂x0
∂E2
∂x1
∂E2
∂x2

 =


∂u0
∂x0
∂u0
∂x1
∂u0
∂x2
−∂u1
∂x0
−∂u1
∂x1
−∂u1
∂x2
−∂u2
∂x0
−∂u2
∂x1
−∂u2
∂x2

 (2.1)
is expressed as (see, e.g., [13])
λ3 − I
J(~E)λ
2 + II
J(~E)λ− IIIJ(~E) = 0, (2.2)
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where three principal invariants of J( ~E) are denoted by I
J(~E), IIJ(~E), IIIJ(~E);
I
J(~E) = trJ(
~E), III
J(~E) = detJ(
~E).
Some new classes of exact solutions of the static Maxwell system in a
plane-layered inhomogeneous isotropic medium, provided by a variable coef-
ficient φ(x2) = x2
−1 (x2 > 0):{
div (x2
−1 ~E) = 0,
curl ~E = 0,
(2.3)
where (E0, E1, E2) := (u0,−u1,−u2), have been studied by Leutwiler in
the context of modified quaternionic analysis in R3 by means of the reduced
quaternionic power series with complex coefficients (see, e.g., [51, 52]). Their
applications in mathematical physics were briefly mentioned by Leutwiler in
2000 [52].
General class of C1-solutions of the system (2.3) is represented as general
class of C1-solutions of the system
(H)


x2(
∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2
) + u2 = 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
.
This system is called the system (H) in honor of Hodge (see, e.g., [51, 52]).
The system (H) may be considered as a hyperbolic non-Euclidean modifica-
tion of the system (R) with respect to the hyperbolic metric, defined on the
halfspace {x2 > 0} by formula (see, e.g., [1, 51, 52]):
ds2 =
dx0
2 + dx1
2 + dx2
2
x22
.
Two important classes of meridional and transverse electrostatic fields
in axially symmetric inhomogeneous isotropic media, provided by a variable
C1-coefficient φ = φ(ρ) > 0:{
div (φ(ρ) ~E) = 0,
curl ~E = 0,
(2.4)
in cylindrical and Cartesian coordinates in two dimensional setting were stud-
ied by Khmelnytskaya, Kravchenko, Oviedo in 2010 by means of applied
pseudoanalytic function theory [43, 45].
In case of meridional fields the vector ~E is independent of the azimuthal
angle θ and Eθ =
∂h
∂θ
= 0. In case of transverse fields the vector ~E is inde-
pendent of the longitudinal variable x0 and E0 =
∂h
∂x0
= 0.
Independently new classes of exact solutions of the static Maxwell sys-
tem in an axially symmetric inhomogeneous isotropic medium, provided by
a variable coefficient φ(ρ) = ρ−1 (ρ > 0):{
div (ρ−1 ~E) = 0,
curl ~E = 0,
(2.5)
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in cylindrical coordinates in three dimensional setting have been studied by
the author, Ka¨hler and Aksenov by means of separation of variables in cylin-
drical coordinates [14, 4].
General class of C1-solutions of the static Maxwell system (2.5) is rep-
resented as general class of C1-solutions of the system
(A3)


(x21 + x
2
2)(
∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2
) + (x1u1 + x2u2) = 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
,
where ~E = (u0,−u1,−u2). The system (A3), presented by the author in
2003 (see, e.g., [10, 11, 12]), may be considered as an axial-hyperbolic non-
Euclidean modification of the system (R) with respect to the conformal met-
ric, defined outside the axis x0 by formula (see, e.g., [1, 12]):
ds2 =
dx0
2 + dx1
2 + dx2
2
ρ2
.
One of the main obstacles in applications of modified quaternionic anal-
ysis in R3 is the problem of holistic interpretation of axially symmetric Fueter
construction in R3 (see, e.g., [32, 50, 51]):
F = F (x) = u0 + iu1 + ju2 = u0(x0, ρ) + I uρ(x0, ρ), (2.6)
where
x = x0 + Iρ, I =
ix1 + jx2
ρ
= i cos θ + j sin θ, I2 = −1,
u1 =
x1
ρ
uρ = uρ cos θ, u2 =
x2
ρ
uρ = uρ sin θ. (2.7)
Various aspects of extensions of modified quaternionic analysis, includ-
ing Fueter construction as a core element (see, e.g., [53]), and their applica-
tions were discussed by Leutwiler, Eriksson and the author in Prague, 2000
(the Workshop ”Clifford Analysis and Its Applications”). As a corollary, the
author in 2003 explicitly characterized Fueter construction in R3 as joint class
of analytic solutions of the system (H) and the system (A3) under the special
condition (see, e.g., [50, 10, 12, 13, 14]):
u1x2 = u2x1. (2.8)
3. Generalized Hyperbolic Non-Euclidean Modification of the
System (R) and a Class of α-Hyperbolic Harmonic
Electrostatic Potentials in Three Dimensional Setting in
Cartesian Coordinates
As seen from the system (2.3), new extensions of the system (H) require to
study electrostatic models in special plane-layered inhomogeneous isotropic
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media in accordance with the static Maxwell system{
div (φ(x2) ~E) = 0,
curl ~E = 0.
(3.1)
Meanwhile, general class of C1-solutions of the system (3.1) is repre-
sented as general class of C1-solutions of the system

φ(x2) (
∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2
)− dφ
dx2
u2 = 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
,
(3.2)
where ~E = (u0,−u1,−u2). The system (3.2) may be considered as a gener-
alized hyperbolic non-Euclidean modification of the system (R) with respect
to the conformal metric
ds2 = φ2(x2)(dx0
2 + dx1
2 + dx2
2).
The static Maxwell system (3.1) in our setting is expressed as

φ div ~E + dφ
dx2
E2 = 0,
∂E0
∂x1
= ∂E1
∂x0
, ∂E0
∂x2
= ∂E2
∂x0
,
∂E1
∂x2
= ∂E2
∂x1
.
(3.3)
Suppose that φ = φ(x2). The equation (1.3) is written as
φ
(
∂2h
∂x0
2 +
∂2h
∂x1
2 +
∂2h
∂x2
2
)
+
dφ
dx2
∂h
∂x2
= 0.
If further φ(x2) = x
−α
2 (α ∈ R), we deal with the Weinstein equation
(see, e.g., [78, 9, 2, 27]):
x2∆h− α ∂h
∂x2
= 0. (3.4)
Some properties of exact solutions of the Eq. (3.4) have been recently
studied, in particular, in the context of hyperbolic function theory (see, e.g.,
[25, 26, 27, 31, 21]). Solutions of the Eq. (3.4) in case α = −1 are sometimes
called ”modified harmonic functions”, whereas the restrictions of the polyno-
mial modified harmonic functions to the unit half sphere S2+ = {(x0, x1, x2) :
x20 + x
2
1 + x
2
2 = 1, x2 > 0} are called ”modified spherical harmonics”. Prop-
erties of special modified harmonic functions, which are independent of the
azimuthal angle θ, in spherical coordinates were studied by Leutwiler in 2017
using the separation method and results of modified quaternionic analysis in
R
3 [54, 55].
The static Maxwell system (3.1) in plane-layered inhomogeneous media,
provided by a coefficient φ(x2) = x
−α
2 (x2 > 0), is expressed as{
div (x−α2 ~E) = 0,
curl ~E = 0,
(3.5)
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and the system (3.2) is simplified:

x2(
∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2
) + αu2 = 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
.
(3.6)
The system (3.6) may be considered as an α-hyperbolic non-Euclidean
modification of the system (R) with respect to the conformal metric, defined
on the halfspace {x2 > 0} by formula (see, e.g., [54, 55]):
ds2 =
dx0
2 + dx1
2 + dx2
2
x2α2
.
Definition 3.1. Let Λ ⊂ R3 (x2 > 0) be a simply connected open domain. Ev-
ery C2-solution of the Eq. (3.4) in Λ is called a regular α-hyperbolic harmonic
potential in Λ (see, e.g., [59, 1, 52, 31]).
In three dimensional setting the main properties of α-hyperbolic har-
monic electrostatic potentials may be explicitly demonstrated by means of
separation of variables in Cartesian coordinates (see, e.g., [60, 74]).
Let us first look for a class of exact solutions of the equation (3.4) under
condition h(x0, x1, x2) = g(x0, x2)s(x1):
sx2
(
∂2g
∂x02
+
∂2g
∂x22
)
− αs ∂g
∂x2
+ gx2
d2s
dx12
= 0.
The first relations of separation of variables
− g d
2s
dx12
= s
(
∂2g
∂x02
+
∂2g
∂x22
)
− αs
x2
∂g
∂x2
= λ˘2gs (λ˘ = const ∈ R) (3.7)
lead to the following system of equations:{
d2s
dx12
+ λ˘2s = 0,
∂2g
∂x02
+ ∂
2g
∂x22
− α
x2
∂g
∂x2
− λ˘2g = 0. (3.8)
The first equation may be solved using trigonometric functions:
sλ˘(x1) = C1,λ˘ cos λ˘x1 + C2,λ˘ sin λ˘x1, where λ˘ ∈ Z; C1,λ˘, C2,λ˘ = const ∈ R.
Let us further look for a class of exact solutions of the second equation
of the system (3.8) under condition g(x0, x2) = Ξ(x0)Υ(x2):
Υ
d2Ξ
dx02
+ Ξ
d2Υ
dx22
− αΞ
x2
dΥ
dx2
− λ˘2ΞΥ = 0.
The second relations of separation of variables
−Υ d
2Ξ
dx02
= Ξ
d2Υ
dx22
− αΞ
x2
dΥ
dx2
− λ˘2ΞΥ = −β˘2ΞΥ (β˘ = const ∈ R) (3.9)
imply a system of ordinary differential equations:{
d2Ξ
dx02
− β˘2Ξ = 0,
x22
d2Υ
dx22
− αx2 dΥdx2 + (β˘2 − λ˘2)x22Υ = 0.
(3.10)
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The first equation may be solved using hyperbolic functions:
Ξβ˘(x0) = B1,β˘ cosh β˘x0 +B2,β˘ sinh β˘x0; B1,β˘, B2,β˘ = const ∈ R.
If B1,β˘ = 1 and B2,β˘ = 1, then Ξβ˘(x0) = e
β˘x0 .
Under relations (3.7) and (3.9), λ˘2 < β˘2, the second equation of the
system (3.10) with the separation parameters λ˘, β˘ may be solved using linear
independent solutions:
Υλ˘,β˘(x2) = x2
α+1
2
[
A1,λ˘,β˘Jα+12
(
x2
√
β˘2 − λ˘2
)
+A2,λ˘,β˘Yα+12
(
x2
√
β˘2 − λ˘2
)]
,
where Jν˘(ξ˘) and Yν˘(ξ˘) are Bessel functions of the first and second kind of
real order ν˘ = α+12 and real argument ξ˘ = x2
√
β˘2 − λ˘2 (see, e.g., [75, 63]);
A1,λ˘β˘ , A2,λ˘,β˘ = const ∈ R.
Under relations (3.7) and (3.9), λ˘2 > β˘2, the second equation of the
system (3.10) may be solved using linear independent solutions:
Υλ˘,β˘(x2) = x2
α+1
2
[
A1,λ˘,β˘Jα+1
2
(
ix2
√
λ˘2 − β˘2
)
+A2,λ˘,β˘Yα+1
2
(
ix2
√
λ˘2 − β˘2
)]
,
where Jν˘(ξ˘) and Yν˘(ξ˘) are Bessel functions of the first and second kind of
real order ν˘ = α+12 and purely imaginary argument ξ˘ = ix2
√
λ˘2 − β˘2.
This implies the following formulation.
Theorem 3.2. In three dimensional setting a class of exact solutions of the
Weinstein equation (3.4) in Cartesian coordinates under relations (3.7) and
(3.9), β˘ /∈ Z, is implemented using Bessel functions:
hβ˘(x0, x1, x2) =
∞∑
λ˘=−∞
(
C1,λ˘ cos(λ˘x1) + C2,λ˘ sin(λ˘x1)
)
gλ˘,β˘(x0, x2),
where
gλ˘,β˘(x0, x2) =
(
B1,β˘ cosh(β˘x0) +B2,β˘ sinh(β˘x0)
)
Υλ˘,β˘(x2);
in case λ˘2 < β˘2
Υλ˘,β˘(x2) = x2
α+1
2
[
A1,λ˘,β˘Jα+1
2
(
x2
√
β˘2 − λ˘2
)
+A2,λ˘,β˘Yα+1
2
(
x2
√
β˘2 − λ˘2
)]
and in case λ˘2 > β˘2
Υλ˘,β˘(x2) = x2
α+1
2
[
A1,λ˘,β˘Jα+1
2
(
ix2
√
λ˘2 − β˘2
)
+A2,λ˘,β˘Yα+1
2
(
ix2
√
λ˘2 − β˘2
)]
.
If λ˘2 = β˘2, the second equation of the system (3.10) leads to the Euler
equation:
x22
d2Υ
dx22
− αx2 dΥ
dx2
= 0. (3.11)
The Eq. (3.11) may be solved using power functions:
Υ(x2) = A1x
α+1
2 +A2; A1, A2 = const ∈ R (see, e.g., [63]).
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Class of electrostatic fields under relations (3.7), where s(x1) = 1,
h(x0, x1, x2) = g(x0, x2), implies that the vector ~E is independent of the
variable x1 and E1 =
∂h
∂x1
= 0. We get λ˘ = 0, and the second equation
of the system (3.8) leads to the elliptic Euler-Poisson-Darboux equation in
Cartesian coordinates (see, e.g., [47]):
x2
(
∂2g
∂x02
+
∂2g
∂x22
)
− α ∂g
∂x2
= 0. (3.12)
Properties of critical points of exact solutions of the Eq. (3.12) in case
α = −1 were studied by Konopelchenko, Ortenzi in 2013 in the context of
contemporary problems of mathematical physics and catastrophe theory (see,
e.g., [44, 71, 6, 64]).
In accordance with the Eq. (3.12) the system (3.6) leads to Vekua-type
systems, recently studied by Eriksson-Bique, Orelma, Sommen in the con-
text of contemporary problems of hyperbolic function theory and hyperbolic
harmonic analysis [28, 29]:{
x2(
∂u0
∂x0
− ∂u2
∂x2
) + αux2 = 0,
∂u0
∂x2
= −∂u2
∂x0
,
(3.13)
where
u0 =
∂g
∂x0
, u2 = − ∂g
∂x2
.
As a corollary, we deal with a simplified form of the static Maxwell
system (3.5): {
∂E0
∂x0
+ ∂E2
∂x2
− α
x0
E2 = 0,
∂E0
∂x2
= ∂E2
∂x0
.
where
E0 = u0, E2 = −u2.
4. Generalized Axially Symmetric Non-Euclidean Modification
of the System (R) and a Class of α-Axial-Hyperbolic
Harmonic Electrostatic Potentials in Three Dimensional
Setting in Cylindrical Coordinates
As seen from the system (2.5), new extensions of the system (A3) require
to study electrostatic models in special axially symmetric inhomogeneous
isotropic media in accordance with the static Maxwell system (2.4).
Meanwhile, general class of C1-solutions of the system (2.4) is repre-
sented as general class of C1-solutions of the system

φ(ρ) (∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2
)− (∂φ(ρ)
∂x1
u1 +
∂φ(ρ)
∂x2
u2) = 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
,
(4.1)
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where ~E = (u0,−u1,−u2). The system (4.1) may be considered as a gen-
eralized axial-hyperbolic non-Euclidean modification of the system (R) with
respect to the conformal metric
ds2 = φ2(ρ)(dx0
2 + dx1
2 + dx2
2). (4.2)
The static Maxwell system (2.4) in our setting is expressed as

φ(ρ) div ~E + ∂φ(ρ)
∂x1
E1 +
∂φ(ρ)
∂x2
E2 = 0,
∂E0
∂x1
= ∂E1
∂x0
, ∂E0
∂x2
= ∂E2
∂x0
,
∂E1
∂x2
= ∂E2
∂x1
.
(4.3)
The equation (1.3) is written as
φ
(
∂2h
∂x0
2 +
∂2h
∂x1
2 +
∂2h
∂x2
2
)
+
dφ
dρ
(
∂h
∂x1
cos θ +
∂h
∂x2
sin θ
)
= 0.
If further φ(ρ) = ρ−α (ρ > 0, α ∈ R), we get the following equation:
(x21 + x
2
2)∆h− α
(
x1
∂h
∂x1
+ x2
∂h
∂x2
)
= 0. (4.4)
Remark 4.1. The invariance of regular solutions of the Eq. (4.4) under Mo¨bius
transformations in comparison with regular solutions of the Weinstein equa-
tion (3.4) [2] raises new issues for further consideration.
The static Maxwell system (2.4) is expressed as{
div (ρ−α ~E) = 0,
curl ~E = 0,
(4.5)
and the system (4.1) is simplified:

(x21 + x
2
2)(
∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2
) + α(x1u1 + x2u2) = 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
.
(4.6)
The system (4.6) may be considered as an α-axial-hyperbolic non-Euclidean
modification of the system (R) with respect to the conformal metric, defined
outside the axis x0 by formula:
ds2 =
dx0
2 + dx1
2 + dx2
2
ρ2α
.
Definition 4.2. Let Λ ⊂ R3 (ρ > 0) be a simply connected open domain.
Every C2-solution of the Eq. (4.4) in Λ is called a regular α-axial-hyperbolic
harmonic potential in Λ.
Proposition 4.3 (Criterion of joint class of α-hyperbolic harmonic and
α-axial-hyperbolic harmonic potentials). Every regular α-hyperbolic harmonic
potential h = h(x0, x1, x2) in Λ ⊂ R3 (x2 > 0) represents a regular α-axial-
hyperbolic harmonic potential h in Λ if and only if
x2
∂h
∂x1
= x1
∂h
∂x2
. (4.7)
The Static Maxwell System in Inhomogeneous Media 13
As seen, necessary and sufficient condition (4.7) of joint class of α-
hyperbolic harmonic and α-axial-hyperbolic harmonic potentials coincides
with the special condition (2.8) of joint class of analytic solutions of the
system (H) and the system (A3).
In three dimensional setting the main properties of α-axial-hyperbolic
harmonic electrostatic potentials may be explicitly demonstrated by means
of separation of variables in cylindrical coordinates (see, e.g., [60, 14, 3]).
The Eq. (4.4) in cylindrical coordinates is written as
ρ2
(
∂2h
∂x02
+
∂2h
∂ρ2
)
+ (1− α)ρ∂h
∂ρ
+
∂2h
∂θ2
= 0. (4.8)
Let us first look for a class of exact solutions of the Eq. (4.8) under
condition h(x0, θ, ρ) = g(x0, ρ)s(θ):
s(θ)ρ2
(
∂2g
∂x02
+
∂2g
∂ρ2
)
+ s(θ)(1 − α)ρ∂g
∂ρ
+ g
∂2s
∂θ2
= 0.
The first relations of separation of variables
− 1
s
∂2s
∂θ2
=
ρ2
g
(
∂2g
∂x02
+
∂2g
∂ρ2
)
+
(1− α)ρ
g
∂g
∂ρ
= λ˘2 (λ˘ = const ∈ R) (4.9)
lead to the following system of equations:{
d2s
dθ2
+ λ˘2s = 0,
∂2g
∂x02
+ ∂
2g
∂ρ2
+ (1−α)
ρ
∂g
∂ρ
− λ˘2
ρ2
g = 0.
(4.10)
The first equation may be solved using trigonometric functions:
sλ˘(θ) = C1,λ˘ cos λ˘θ + C2,λ˘ sin λ˘θ, where λ˘ ∈ Z; C1,λ˘, C2,λ˘ = const ∈ R.
Let us further look for a class of exact solutions of the second equation
of the system (4.10) under condition g(x0, ρ) = Ξ(x0)Υ(ρ):
1
Ξ
d2Ξ
dx02
+
1
Υ
d2Υ
dρ2
+
(1− α)
Υρ
dΥ
dρ
− λ˘
2
ρ2
= 0.
The second relations of separation of variables
− 1
Ξ
d2Ξ
dx02
=
1
Υ
d2Υ
dρ2
+
(1− α)
Υρ
dΥ
dρ
− λ˘
2
ρ2
= −β˘2 (β˘ = const ∈ R) (4.11)
imply a system of ordinary differential equations:{
d2Ξ
dx02
− β˘2Ξ = 0,
ρ2 d
2Υ
dρ2
+ (1 − α)ρdΥ
dρ
+ (β˘2ρ2 − λ˘2)Υ = 0. (4.12)
The first equation may be solved using hyperbolic functions:
Ξβ˘(x0) = B1,β˘ cosh β˘x0 +B2,β˘ sinh β˘x0; B1,β˘, B2,β˘ = const ∈ R.
If B1,β˘ = 1 and B2,β˘ = 1, then Ξβ˘(x0) = e
β˘x0 (see, e.g., [14]).
Under relations (4.9) and (4.11), β˘ 6= 0, the second equation of the
system (4.12) with the separation parameters λ˘, β˘ may be solved using linear
independent solutions:
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Υ
λ˘,β˘
(ρ) = ρ
α
2
[
A1,λ˘,β˘J
√
α2+4λ˘2
2
(ρβ˘) +A2,λ˘,β˘Y
√
α2+4λ˘2
2
(ρβ˘)
]
,
where Jν˘(ξ˘) and Yν˘(ξ˘) are Bessel functions of the first and second kind of real
order ν˘ =
√
α2+4λ˘2
2 and real argument ξ˘ = ρβ˘; A1,λ˘,β˘, A2,λ˘,β˘ = const ∈ R.
This implies the following formulation.
Theorem 4.4. In three dimensional setting a class of exact solutions of the
Eq. (4.8) in cylindrical coordinates under relations (4.9) and (4.11), β˘ 6= 0,
is implemented using Bessel functions:
hβ˘(x0, θ, ρ) =
∞∑
λ˘=−∞
(
C1,λ˘ cos(λ˘θ) + C2,λ˘ sin(λ˘θ)
)
gλ˘,β˘(x0, ρ),
where
gλ˘,β˘(x0, ρ) =
(
B1,β˘ cosh(β˘x0) +B2,β˘ sinh(β˘x0)
)
Υλ˘,β˘(ρ)
and
Υλ˘,β˘(ρ) = ρ
α
2
[
A1,λ˘,β˘J
√
α2+4λ˘2
2
(ρβ˘) +A2,λ˘,β˘Y
√
α2+4λ˘2
2
(ρβ˘)
]
.
Remark 4.5. The Eq. (4.8) under relations (4.9), (4.11), where Ξ(x0) = 1,
β˘ = 0, h(x0, θ, ρ) = Υ(ρ)s(θ), implies a class of transverse fields in axi-
ally symmetric inhomogeneous isotropic media, wherein E1 =
dΥ
dρ
s(θ) cos θ
−Υ(ρ) ds
dθ
sin θ
ρ
and E2 =
dΥ
dρ
s(θ) sin θ +Υ(ρ) ds
dθ
cos θ
ρ
.
In our setting the second equation of the system (4.12) takes the form
of the Euler equation:
ρ2
d2Υ(ρ)
dρ2
+ (1− α)ρdΥ(ρ)
dρ
− λ˘2Υ(ρ) = 0. (4.13)
The Eq. (4.13) may be solved using power functions:
Υ(ρ) = A1,λ˘ρ
α+
√
α2+4λ˘2
2 + A2,λ˘ρ
α−
√
α2+4λ˘2
2 ; A1,λ˘, A2,λ˘ = const ∈ R.
Remark 4.6. Meanwhile, a class of exact solutions of the Eq. (4.8) under
relations (4.9) may be implemented using the elliptic Euler-Poisson-Darboux
equation in cylindrical coordinates (see, e.g., [3, 4]).
Change of dependent variable g = ργ˘w, where γ˘ = α±
√
α2+4λ˘2
2 , allows
us to transform the second equation of the system (4.10) into the equation
ρ
(
∂2w
∂x02
+
∂2w
∂ρ2
)
+ (2γ˘ − α+ 1)∂w
∂ρ
= 0. (4.14)
Hereby, properties of α-axial-hyperbolic harmonic electrostatic poten-
tials raise new issues for further consideration.
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5. Generalized Bi-Hyperbolic Non-Euclidean Modification of
the System (R) and a Class of (α1, α2)-Bi-Hyperbolic
Harmonic Electrostatic Potentials in Three Dimensional
Setting in Cartesian Coordinates
Contemporary aspects of geometrical optics and geo-electrostatics of inho-
mogeneous media, in particular, require to study electrostatic models in bi-
directional plane-layered inhomogeneous isotropic media, provided by a vari-
able C1-coefficient φ = φ(x1, x2) > 0.
Extensions of a generalized hyperbolic non-Euclidean modification of
the system (R) (3.2) in accordance with the static Maxwell system{
div (φ(x1, x2) ~E) = 0,
curl ~E = 0
(5.1)
have not been considered.
Meanwhile, general class of C1-solutions of the system (5.1) is repre-
sented as general class of C1-solutions of the system

φ(x1, x2)
(
∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2
)
−
[
∂φ(x1,x2)
∂x1
u1 +
∂φ(x1,x2)
∂x2
u2
]
= 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
,
(5.2)
where ~E = (u0,−u1,−u2). The system (5.2) may be considered as a general-
ized bi-hyperbolic non-Euclidean modification of the system (R) with respect
to the conformal metric
ds2 = φ2(x1, x2)(dx0
2 + dx1
2 + dx2
2).
The static Maxwell system (5.1) in our setting is expressed as

φ(x1, x2) div ~E +
∂φ(x1,x2)
∂x1
E1 +
∂φ(x1,x2)
∂x2
E2 = 0,
∂E0
∂x1
= ∂E1
∂x0
, ∂E0
∂x2
= ∂E2
∂x0
,
∂E1
∂x2
= ∂E2
∂x1
.
(5.3)
Suppose that φ = φ(x1, x2). The equation (1.3) is written as
φ(x1, x2)
(
∂2h
∂x0
2 +
∂2h
∂x1
2 +
∂2h
∂x2
2
)
+
∂φ(x1, x2)
∂x1
∂h
∂x1
+
∂φ(x1, x2)
∂x2
∂h
∂x2
= 0.
If further φ(x1, x2) = x
−α1
1 x
−α2
2 (α1, α2 ∈ R), we deal with a three
dimensional elliptic equation with two singular coefficients, sometimes called
”generalized bi-axially symmetric potential equation in three variables” (see,
e.g., [39, 42, 20, 80]):
∆h− α1
x1
∂h
∂x1
− α2
x2
∂h
∂x2
= 0. (5.4)
Remark 5.1. The invariance of regular solutions of the Eq. (5.4) under Mo¨bius
transformations in comparison with regular solutions of the Weinstein equa-
tion (3.4) and the Eq. (4.4) raises new issues for further consideration.
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The static Maxwell system (5.1) in bi-directional plane-layered inho-
mogeneous media, provided by a coefficient φ(x1, x2) = x
−α1
1 x
−α2
2 (x1 > 0,
x2 > 0), is expressed as {
div (x−α11 x
−α2
2
~E) = 0,
curl ~E = 0,
(5.5)
and the system (5.2) is simplified:

(∂u0
∂x0
− ∂u1
∂x1
− ∂u2
∂x2
) + α1
x1
u1 +
α2
x2
u2 = 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
.
(5.6)
The system (5.6) may be considered as an (α1, α2)-bi-hyperbolic non-
Euclidean modification of the system (R) with respect to the conformal met-
ric, defined on a quarter-space {x1 > 0, x2 > 0} by formula (see, e.g., [54, 55]):
ds2 =
dx0
2 + dx1
2 + dx2
2
x2α11 x
2α2
2
.
Definition 5.2. Let Λ ⊂ R3 (x1 > 0, x2 > 0) be a simply connected open
domain. Every C2-solution of the Eq. (5.4) in Λ is called a regular (α1, α2)-
bi-hyperbolic harmonic potential in Λ.
Proposition 5.3 (Criterion of joint class of (α1, α2)-bi-hyperbolic harmonic
and (α1 + α2)-hyperbolic harmonic potentials). Every regular (α1, α2)-bi-
hyperbolic harmonic potential h = h(x0, x1, x2) in Λ ⊂ R3 (x1 > 0, x2 > 0)
represents a regular (α1 + α2)-hyperbolic harmonic potential h in Λ if and
only if x2
∂h
∂x1
= x1
∂h
∂x2
.
Proof. As seen, in case (x1 > 0, x2 > 0) we get x2
∂h
∂x1
= x1
∂h
∂x2
if and only if
1
x1
∂h
∂x1
= 1
x2
∂h
∂x2
. This implies that
α1
1
x1
∂h
∂x1
+ α2
1
x2
∂h
∂x2
= (α1 + α2)
1
x1
∂h
∂x1
= (α1 + α2)
1
x2
∂h
∂x2
.

Necessary and sufficient condition of joint class of (α1, α2)-bi-hyperbolic
harmonic and (α1 + α2)-hyperbolic harmonic potentials coincides with the
special condition of Fueter construction in R3 (2.8).
In three dimensional setting some properties of (α1, α2)-bi-hyperbolic
harmonic electrostatic potentials may be demonstrated by means of separa-
tion of variables in Cartesian coordinates.
Let us first look for a class of exact solutions of the equation (5.4) under
condition h(x0, x1, x2) = g(x0, x2)s(x1):
s
(
∂2g
∂x02
+
∂2g
∂x22
)
− sα2
x2
∂g
∂x2
+ g
d2s
dx12
− α1
x1
g
ds
dx1
= 0.
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The first relations of separation of variables
−g d
2s
dx12
+
α1
x1
g
ds
dx1
= s
(
∂2g
∂x02
+
∂2g
∂x22
)
−sα2
x2
∂g
∂x2
= λ˘2gs (λ˘ = const ∈ R)
(5.7)
lead to the following system of equations:{
d2s
dx12
− α1
x1
ds
dx1
+ λ˘2s = 0,
∂2g
∂x02
+ ∂
2g
∂x22
− α2
x2
∂g
∂x2
− λ˘2g = 0. (5.8)
The second equation of the system (5.8) coincides with the second equa-
tion of the system (3.8) in case α2 = α.
In contrast to the system (3.8), the first equation of the system (5.8)
takes the form of the modified Emden-Fowler equation (see, e.g., [63]). Change
of independent variable x1 = y
1
α1+1
1 allows us to transform the given equation
into the Emden-Fowler equation, where s(y1) := s(x1(y1)):
d2s(y1)
dy12
+
λ˘2
(α1 + 1)2
y
− 2α1
α1+1
1 s(y1) = 0.
Hereby, properties of (α1, α2)-bi-hyperbolic harmonic electrostatic po-
tentials raise new issues for further consideration.
6. Meridional Electrostatic Fields in Axially Symmetric
Inhomogeneous Media, the Singular Sets of the EFG
Tensor and Fueter Construction in the Context of GASPT
Geometric properties of the singular sets of the EFG tensor J( ~E) are im-
portant in the context of catastrophe theory. As it turns out, in case of
meridional fields the zero divergence condition leads to the singular sets of
the EFG tensor.
The Eq. (4.8) under relations (4.9), where h(x0, θ, ρ) = g(x0, ρ)s(θ)
and s(θ) = 1, implies a class of meridional fields ~E in axially symmetric
inhomogeneous media, provided by a variable coefficient φ(ρ) = ρ−α (ρ > 0).
As seen, the longitudinal component takes the form E0 =
∂g
∂x0
, while E1 =
∂h
∂ρ
cos θ − ∂h
∂θ
sin θ
ρ
= ∂g
∂ρ
cos θ, E2 =
∂h
∂ρ
sin θ + ∂h
∂θ
cos θ
ρ
= ∂g
∂ρ
sin θ.
We get λ˘ = 0, and the first equation of the system (4.10) leads to the elliptic
Euler-Poisson-Darboux equation in cylindrical coordinates [3]:
ρ
(
∂2g
∂x02
+
∂2g
∂ρ2
)
+ (1 − α)∂g
∂ρ
= 0. (6.1)
The Eq. (6.1) is sometimes called ”the generalized axially symmetric
potential equation” [18, 80]. Approach of generalized axially symmetric po-
tential theory in two dimensional setting has been initiated by Weinstein in
cylindrical coordinates (see, e.g., [76, 77, 78, 41, 24, 33]). Integral representa-
tions of solutions of the Eq. (6.1) as generalized axially symmetric potentials
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were studied by Plaksa and Grishchuk in 2009 [34]. Linear differential rela-
tions between solutions of the Eq. (6.1) were studied by Aksenov in 2005 by
means of the symmetry operators [3].
As seen, α-axial-hyperbolic non-Euclidean modification of the system
(R) (4.6) leads to Vekua-type systems in the meridian plane (x0, ρ), studied
by Sommen, Pen˜a Pen˜a, Sabadini [69, 61, 62] and Eriksson-Bique, Orelma,
Vieira [30]: {
ρ(∂u0
∂x0
− ∂uρ
∂ρ
)− (1− α)uρ = 0,
∂u0
∂ρ
= −∂uρ
∂x0
.
(6.2)
In our setting we get
u0 =
∂g
∂x0
= E0, uρ = −∂g
∂ρ
= −Eρ.
As a corollary, we deal with a simplified form of the static Maxwell
system (4.5): {
∂E0
∂x0
+
∂Eρ
∂ρ
− (α− 1)Eρ
ρ
= 0,
∂E0
∂ρ
=
∂Eρ
∂x0
,
(6.3)
where
E0 = u0, E1 =
x1
ρ
Eρ = Eρ cos θ, E2 =
x2
ρ
Eρ = Eρ sin θ. (6.4)
Physical conditions of meridional electrostatic fields (6.4) coincide with
mathematical conditions of Fueter construction in R3 (2.7), herein (E0, E1, E2)
= (u0,−u1,−u2).
The EFG tensor (2.1) in case of meridional electrostatic fields is sub-
stantially simplified:

[−∂Eρ
∂ρ
+ (α− 1)Eρ
ρ
]
∂Eρ
∂x0
cos θ
∂Eρ
∂x0
sin θ
∂Eρ
∂x0
cos θ (
∂Eρ
∂ρ
cos2 θ +
Eρ
ρ
sin2 θ) (
∂Eρ
∂ρ
− Eρ
ρ
) sin θ cos θ
∂Eρ
∂x0
sin θ (
∂Eρ
∂ρ
− Eρ
ρ
) sin θ cos θ (
∂Eρ
∂ρ
sin2 θ +
Eρ
ρ
cos2 θ)


(6.5)
This implies the following formulation.
Theorem 6.1 (On roots of the characteristic equation in case of meridional
electrostatic fields). Roots of the characteristic equation (2.2) of the EFG
tensor (6.5) are given by formulas:
λ0 =
Eρ
ρ
,
λ1,2 = (α− 1)Eρ
2ρ
±
√
(α− 1)2 E
2
ρ
4ρ2
− (α − 1)Eρ
ρ
∂Eρ
∂ρ
+
(
∂Eρ
∂x0
)2
+
(
∂Eρ
∂ρ
)2
.
Proof. The principal invariants of the EFG tensor (6.5) are written as
I
J(~E) = α
Eρ
ρ
, II
J(~E) = −
[
(
∂Eρ
∂x0
)2 + (
∂Eρ
∂ρ
)2
]
+ (α− 1)Eρ
ρ
(
∂Eρ
∂ρ
+
Eρ
ρ
),
III
J(~E) = −Eρρ
[
(
∂Eρ
∂x0
)2 + (
∂Eρ
∂ρ
)2
]
+ (α− 1)E
2
ρ
ρ2
∂Eρ
∂ρ
.
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In the context of the system (6.3) the characteristic equation (2.2) may
be explicitly factorized:(
λ− Eρ
ρ
)[
λ2 − (α− 1)Eρ
ρ
λ+ (α− 1)Eρ
ρ
∂Eρ
∂ρ
−
(
∂Eρ
∂x0
)2
−
(
∂Eρ
∂ρ
)2]
= 0.

Corollary 6.2 (On the zero divergence condition). Suppose that a meridional
field ~E in a simply connected open domain Λ ⊂ R3 (ρ > 0) obeys the system
(6.3), where α 6= 0. Every point x∗ = (x∗0, x∗1, x∗2) ∈ Λ with condition div ~E = 0
belongs to the singular set of the EFG tensor (6.5), besides E1(x
∗
0, x
∗
1, x
∗
2) =
E2(x
∗
0, x
∗
1, x
∗
2) = 0.
Definition 6.3. Suppose that a meridional field ~E in a simply connected
open domain Λ ⊂ R3 (ρ > 0) obeys the system (6.3), herein (E0, E1, E2)
= (u0,−u1,−u2). Mapping u = u0 + iu1 + ju2 : Λ → R3 is called a merid-
ional of the first kind. Mapping u = u0 − iu1 − ju2 : Λ → R3 is called a
meridional of the second kind.
Properties of meridional mappings of the first and the second kind raise
new issues for further consideration in the context of contemporary catastro-
phe theory.
Remark 6.4. In case α = 0 the system (6.2) takes the following form:{
∂u0
∂x0
− ∂uρ
∂ρ
− uρ
ρ
= 0,
∂u0
∂ρ
= −∂uρ
∂x0
.
(6.6)
The system (6.6) implies a class of meridional electrostatic fields in
homogeneous media, wherein{
∂E0
∂x0
+
∂Eρ
∂ρ
+
Eρ
ρ
= 0,
∂E0
∂ρ
=
∂Eρ
∂x0
,
ρ
(
∂2g
∂x02
+
∂2g
∂ρ2
)
+
∂g
∂ρ
= 0.
Condition α = 0 leads to incomplete cubic characteristic equation:
λ3 + II
J(~E)λ− IIIJ(~E) = 0, (6.7)
where
II
J(~E) = −
[
(
∂Eρ
∂x0
)2 + (
∂Eρ
∂ρ
)2
]
− Eρ
ρ
∂Eρ
∂ρ
− E
2
ρ
ρ2
,
III
J(~E) = −Eρρ
[
(
∂Eρ
∂x0
)2 + (
∂Eρ
∂ρ
)2
]
− E
2
ρ
ρ2
∂Eρ
∂ρ
.
Roots of the characteristic equation (6.7) of the EFG tensor (6.5) in
case α = 0 are given by formulas:
λ0 =
Eρ
ρ
, λ1,2 = −Eρ
2ρ
±
√
E2ρ
4ρ2
+
Eρ
ρ
∂Eρ
∂ρ
+
(
∂Eρ
∂x0
)2
+
(
∂Eρ
∂ρ
)2
.
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Remark 6.5. In accordance with Proposition 4.3, in case α = −1 α-hyperbolic
non-Euclidean modification of the system (R) (3.6) in two dimensional setting
[54, 55]), where special modified harmonic functions are independent of the
azimuthal angle θ, leads to a Vekua-type system in cylindrical coordinates:{
∂u0
∂x0
− ∂uρ
∂ρ
− 2uρ
ρ
= 0,
∂u0
∂ρ
= −∂uρ
∂x0
.
(6.8)
The system (6.8) implies a class of meridional electrostatic fields in
inhomogeneous media, wherein{
∂E0
∂x0
+
∂Eρ
∂ρ
+ 2
Eρ
ρ
= 0,
∂E0
∂ρ
=
∂Eρ
∂x0
,
ρ
(
∂2g
∂x02
+
∂2g
∂ρ2
)
+ 2
∂g
∂ρ
= 0.
Roots of the characteristic equation (2.2) of the EFG tensor (6.5) in
case α = −1 are given by formulas:
λ0 =
Eρ
ρ
, λ1,2 = −Eρ
ρ
±
√
E2ρ
ρ2
+ 2
Eρ
ρ
∂Eρ
∂ρ
+
(
∂Eρ
∂x0
)2
+
(
∂Eρ
∂ρ
)2
.
Otherwise, in case α = 1 the Vekua-type system (6.2) may be considered
as a Cauchy-Riemann type system in the meridian plane (see, e.g., [76, 77,
78, 14]): {
∂u0
∂x0
− ∂uρ
∂ρ
= 0,
∂u0
∂ρ
= −∂uρ
∂x0
.
(6.9)
The first order system (6.9) in the meridian plane arises in a number of
seemingly disconnected settings (see, e.g., [78, 3, 16, 17]).
As seen, in the framework of applications of Fueter construction in R3
(2.6) we deal with a simplified form of the static Maxwell system (4.5):{
∂E0
∂x0
+
∂Eρ
∂ρ
= 0,
∂E0
∂ρ
=
∂Eρ
∂x0
.
(6.10)
This implies the following formulation.
Theorem 6.6 (On roots in the framework of Fueter construction). Roots of
the characteristic equation (2.2) of the EFG tensor (6.5) in case α = 1 are
given by formulas:
λ0 =
Eρ
ρ
= div ~E, λ1,2 = ±
√(
∂E0
∂x0
)2
+
(
∂Eρ
∂x0
)2
= ±
∣∣∣∣∣ ∂
~E
∂x0
∣∣∣∣∣ .
In case α = 1 the Eq. (6.1) takes the form
∂2g
∂x02
+
∂2g
∂ρ2
= 0. (6.11)
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In the context of GASPT the electrostatic potential g = g(x0, ρ) in
simply connected open domains Λ (ρ > 0) indicates the existence of the
Stokes stream function gˆ = gˆ(x0, ρ), which is defined by the system [76, 77,
78]: {
∂g
∂x0
− ∂gˆ
∂ρ
= 0,
∂g
∂ρ
= − ∂gˆ
∂x0
,
(6.12)
where
∂2gˆ
∂x02
+
∂2gˆ
∂ρ2
= 0. (6.13)
Remark 6.7. Class of radially holomorphic functions in R3, introduced by
Gu¨rlebeck, Habetha, Spro¨ßig in 2008 [35], should henceforth play a key role
in applied problems in the context of GASPT in case α = 1.
Definition 6.8. Radial differential operator is defined as [35]:
∂radG :=
1
2
(
∂
∂x0
− I ∂
∂ρ
)
G := G′ (G = g + Igˆ).
Every reduced quaternion-valued function G = g+Igˆ obeying a Cauchy-
Riemann type differential equation in Λ (ρ > 0)
∂radG :=
1
2
(
∂
∂x0
+ I
∂
∂ρ
)
G = 0 (6.14)
is called a radially holomorphic in Λ. The reduced quaternion-conjugate func-
tion G = g − Igˆ is called a radially anti-holomorphic in Λ.
The notation ∂radG := G
′ has been justified in [35] by some clear state-
ments (see for comparison the notation in the sense of Hausdorff derivative
in [56]). In particular, elementary functions of the reduced quaternionic vari-
able as elementary radially holomorphic functions in R3 obey the following
relations:
[xn := rn(cosnϕ+ I sinnϕ)]′ = nxn−1;
[ex := ex0(cos ρ+ I sin ρ)]′ = ex;
[cosx := 12 (e
−Ix + eIx)]′ = − sinx;
[sinx := I2 (e
−Ix − eIx)]′ = cosx;
[lnx := ln r + Iϕ]′ = x−1.
The Eq. (6.14) implies that
G′ =
∂G
∂x0
.
Important definiton of a radially holomorphic primitive has been intro-
duced [35].
Definition 6.9. Suppose that a radially holomorphic function G = g + Igˆ in
Λ obeys a differential equation
G′ = F,
where function F = u0+Iuρ is also a radially holomorphic in Λ. The function
G is called a radially holomorphic primitive of the function F in Λ.
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Let us clarify now basic properties of radially holomorphic primitives
G in Λ (ρ > 0). Let us consider a curve (l) of a definite direction, defined
by real-valued C1-functions x0(ξ) and ρ(ξ) in the reduced quaternion-valued
parametric form x(ξ) = x0(ξ) + Iρ(ξ), x
′(ξ) = x′0(ξ) + Iρ
′(ξ), ξ ∈ R, where
I = i cos θ + j sin θ, θ = const. Assume that a point x = (x0, ρ cos θ, ρ sin θ)
belongs to the curve (l) from x0 = x00 + Iρ
0 to x1 = x10 + Iρ
1 in Λ, where ξ
varies from ξ0 to ξ1 in the closed interval (ξ0, ξ1), whilst taking ξ0 < ξ1 for
clarity, and x0 = x(ξ0), x1 = x(ξ1) (see, e.g., [49, 66]).
Lemma 6.10 (On path independent line integral). Every reduced quaternion-
valued line integral along the curve (l) in Λ
x∫
x0
F (x)dx :=
x∫
x0
(u0dx0 − uρdρ) + I
x∫
x0
(uρdx0 + u0dρ); dx = dx0 + Idρ
is path independent if and only if scalar functions u0 = u0(x0, ρ), uρ =
uρ(x0, ρ) obey the system (6.9). In the framework of the class of radially
holomorphic functions F = u0 + Iuρ the following statement is true:
x∫
x0
F (x)dx =
ξ∫
ξ0
F [x(ς)]x′(ς)dς =
x∫
x0
dxF (x) (ς ∈ R).
Definition 6.11. The reduced quaternion-valued line integral along the curve
(l) in Λ
x∫
x0
F (x)dx =
ξ∫
ξ0
F [x(ς)]x′(ς)dς (ς ∈ R) (6.15)
is called an indefinite integral of radially holomorphic function F in Λ.
This implies the following formulation.
Proposition 6.12 (On integral form of radially holomorphic primitives). Every
radially holomorphic function F = u0 + Iuρ in Λ (ρ > 0) has a radially
holomorphic primitive G = g + Igˆ, taking the form of an indefinite integral
(6.15):
G =
x∫
x0
F (x)dx +G0,
where G0 = g0 + Igˆ0; g0 = g(x00, ρ
0), gˆ0 = gˆ(x00, ρ
0).
Scalar functions g = g(x0, ρ), gˆ = gˆ(x0, ρ) are given by formulas:
g(x0, ρ) =
x∫
x0
(u0dx0 − uρdρ) + g0, gˆ(x0, ρ) =
x∫
x0
(uρdx0 + u0dρ) + gˆ
0.
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Remark 6.13. Real-valued line integrals along the curve (l) in multiply con-
nected open domains Ω ⊂ R3 (ρ > 0)∫
(l)
(u0dx0 − uρdρ),
∫
(l)
(uρdx0 + u0dρ)
may provide the multi-valued scalar potential g = g(x0, ρ) and the multi-
valued Stokes stream function gˆ = gˆ(x0, ρ) in the context of GASPT, using
the cyclic constants in the meridian half-plane (ρ > 0) (see, e.g., [76, 77, 49]).
Definition 6.14. Radially holomorphic primitiveG = g+Igˆ in Λ in the context
of a simplified form of the static Maxwell system (6.10) is called the Fueter
holomorphic potential in Λ.
A lot of problems of electrostatics in homogeneous media have been
solved by means of the complex potential (see, e.g., [60, 49, 57]). In accor-
dance with theory of holomorphic functions of a complex variable f = f(z)
and properties of conformal mappings of the second kind, the complex po-
tential suggests principal invariants in the following form: trJ( ~E) = 0 and
detJ( ~E) = −|f ′(z)|2 (see e.g., [49, 57]).
Definition 6.15. Let function F = F (x) be a radially holomorphic in Λ ⊂ R3
(ρ > 0). Mapping F = u0+ iu1+ju2 : Λ→ R3 is called a Fueter holomorphic
of the first kind. Mapping F = u0 − iu1 − ju2 : Λ → R3 is called a Fueter
holomorphic of the second kind.
Tools of the Fueter holomorphic potential and Fueter holomorphic map-
pings of the second kind allow us to study in detail a wide range of electro-
static models in the context of geometrical optics and geo-electrostatics of
inhomogeneous media, provided by a variable coefficient φ(ρ) = ρ−1, in the
context of GASPT.
Example 6.16. A linear superposition of two reduced quaternionic power func-
tions with negative exponents: F (x) = γ1x
−1 + γ2x−2, where γ1, γ2 ∈ R.
We get a radially anti-holomorphic function F (x) = γ1x−1 + γ2x−2.
The Fueter holomorphic potential in simply connected open domains
Λ ⊂ R3 (ρ > 0) takes the form G = g + Igˆ = γ1 lnx− γ2x−1.
We deal with a meridional electrostatic model, where ~E = ( ~E1 + ~E2),
~E1 = (u10,−u11,−u12), ~E2 = (u20,−u21,−u22).
The EFG tensor J( ~E1) is characterized by a Fueter holomorphic map-
ping of the second kind:
γ1


−x20+x21+x22
(x2
0
+x2
1
+x2
2
)2
−2x0x1
(x2
0
+x2
1
+x2
2
)2
−2x0x2
(x2
0
+x2
1
+x2
2
)2
−2x0x1
(x2
0
+x2
1
+x2
2
)2
x20−x21+x22
(x2
0
+x2
1
+x2
2
)2
−2x1x2
(x2
0
+x2
1
+x2
2
)2
−2x0x2
(x2
0
+x2
1
+x2
2
)2
−2x1x2
(x2
0
+x2
1
+x2
2
)2
x20+x
2
1−x22
(x2
0
+x2
1
+x2
2
)2


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Simultaneously the EFG tensor J( ~E2) is characterized by a Fueter holo-
morphic mapping of the second kind:
γ2


2x0(−x20+3x21+3x22)
(x2
0
+x2
1
+x2
2
)3
−4x20x1
(x2
0
+x2
1
+x2
2
)3
−4x20x2
(x2
0
+x2
1
+x2
2
)3
−4x20x1
(x2
0
+x2
1
+x2
2
)3
2x0(x
2
0−3x21+x22)
(x2
0
+x2
1
+x2
2
)3
−4x0x1x2
(x2
0
+x2
1
+x2
2
)3
−4x20x2
(x2
0
+x2
1
+x2
2
)3
−4x0x1x2
(x2
0
+x2
1
+x2
2
)3
2x0(x
2
0+x
2
1−3x22)
(x2
0
+x2
1
+x2
2
)3


The zero divergence condition
div ~E =
γ1
x20 + x
2
1 + x
2
2
+
2γ2x0
(x20 + x
2
1 + x
2
2)
2
= 0 (6.16)
leads to an equation of a sphere of a radius γ2
γ1
with center at the point
(− γ2
γ1
, 0, 0):
γ1(x
2
0 + x
2
1 + x
2
2) + 2γ2x0 = 0.
In accordance with Theorem 6.6, every point x∗ = (x∗0, x
∗
1, x
∗
2) ∈ Λ with
condition (6.16) belongs to the singular set of the EFG tensor J( ~E), besides
E1(x
∗
0, x
∗
1, x
∗
2) = E2(x
∗
0, x
∗
1, x
∗
2) = 0.
Example 6.17. A linear superposition of two reduced quaternionic exponential
functions: F (x) = e−b1x − e−b2x = e−b1x0 [cos(−b1ρ) + I sin(−b1ρ)]−
e−b2x0 [cos(−b2ρ) + I sin(−b2ρ)], where b1, b2 ∈ R (b1, b2 > 0).
We get a radially anti-holomorphic function F (x) = e−b1x + (−e−b2x).
The Fueter holomorphic potential in simply connected open domains
Λ ⊂ R3 (ρ > 0) takes the form G = g + Igˆ = − 1
b1
e−b1x + 1
b2
e−b2x.
We deal with a meridional electrostatic model, where ~E = ( ~E1 + ~E2),
~E1 = (u10,−u11,−u12), ~E2 = (u20,−u21,−u22).
The zero divergence condition
div ~E = e−b1x0
sin(b1ρ)
ρ
− e−b2x0 sin(b2ρ)
ρ
= 0
implies that
e(b2−b1)x0 sin(b1ρ)− sin(b2ρ) = 0.
In particular, under condition b2 = 2b1 we deal with an equation of circular
cylinders of increasing radius:
sin(b1ρ) = 0, ρ =
πm
b1
, m = +1,+2, . . . ,
and independently, with an equation with separable variables x0 and ρ:
cos(b1ρ) =
eb1x0
2
, x0 =
ln[2 cos(b1ρ)]
b1
.
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7. The Zero Divergence Condition and Subclasses of
Meridional Electrostatic Fields, Described by the Reduced
Quaternionic Laplace-Fueter and Fourier-Fueter Transforms of
Classical Real-Valued Originals
The singular sets of the EFG tensor in R3 allow us to demonstrate more
explicitly the difference between geometric properties of Fueter holomorphic
mappings of the second kind and geometric properties of classical conformal
mappings of the second kind.
The first outlines of the quaternionic integral transforms in the frame-
work of Fueter construction, based on classical definition of real-valued orig-
inals η˜(τ), were presented by the author in 2003 [10]. Some applications in
problems of mathematical physics in R3 were implemented in 2011 [11].
Quaternion-valued integral transforms in the context of quaternionic
analysis nowadays extend analytic tools in mathematical physics and engi-
neering applications (see, e.g., [67, 68, 40, 36, 79]). In particular, properties of
the quaternion-valued Fourier transform find wide applications in image and
signal processing (see e.g., [40]). Contemporary problems of prolate spher-
oidal wave functions associated with the quaternionic Fourier transform were
studied by Zou, Kou and Morais in 2018 [79].
In contrast to integral transforms in the context of quaternionic analysis
in R3, the reduced quaternionic integral transforms of classical real-valued
originals in the framework of Fueter construction belong to joint class of
solutions of the system (H) and the system (A3) with variable coefficients.
Keeping in mind the above-mentioned points, the reduced quaternionic
generalization of the Laplace transform in the framework of Fueter construc-
tion in R3, presented by the author in 2003, shall henceforth be called the
reduced quaternionic Laplace-Fueter transform.
Definition 7.1. Suppose that the transform kernel takes the form e−xτ and
ρ > 0. The reduced quaternionic integral transform of a classical real-valued
original η˜(τ)
F (x) := LF{η˜(τ);x} =
∫ ∞
0
η˜(τ)e−xτdτ
is called the one-sided reduced quaternionic Laplace-Fueter transform of η˜(τ).
Hereby, we get large subclass of elementary and special radially holo-
morphic functions in R3. In applications of the Fueter holomorphic potential
we have to deal with radially anti-holomorphic functions:
F (x) =
∫ ∞
0
η˜(τ)e−xτdτ =
∫ ∞
0
η˜(τ)e−x0τ [cos(ρτ) + I sin(ρτ)]dτ.
Meridional electrostatic models, described by the one-sided reduced
quaternionic Laplace-Fueter transform, are given by formulas:
E0 =
∫ ∞
0
η˜(τ)e−x0τ cos(ρτ)dτ, Eρ =
∫ ∞
0
η˜(τ)e−x0τ sin(ρτ)dτ.
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The zero divergence condition implies that
∞∫
0
η˜(τ)e−x0τ sin(ρτ)dτ = 0. (7.1)
Assume that values of originals η˜ = η˜(τ) do not vanish identically for
τ < 0 (in the context of complex analysis see details, e.g., [73]). The two-sided
reduced quaternionic Laplace-Fueter transform is introduced.
Definition 7.2. Suppose that the transform kernel takes the form e−xτ and
ρ > 0. The reduced quaternionic integral transform of a classical real-valued
original η˜(τ), where η˜(τ) 6= 0 (τ < 0),
F (x) := LF+∞−∞{η˜(τ);x} =
∫ ∞
−∞
η˜(τ)e−xτdτ
is called the two-sided reduced quaternionic Laplace-Fueter transform of η˜(τ).
Some extensions of theorems on properties of the Laplace transform
were explicitly formulated in 2011 [10, 11].
Theorem 7.3 (On superposition). In the framework of Fueter construction
in R3 the two-sided reduced quaternionic Laplace-Fueter transform of linear
superposition of real-valued originals η˜1(τ), η˜2(τ) with reduced quaternion-
valued coefficients γ1, γ2 implies linear superposition of the two-sided reduced
quaternionic Laplace-Fueter transforms:
LF+∞−∞{η˜(τ);x} = γ1
∫ ∞
−∞
η˜1(τ)e
−xτdτ + γ2
∫ ∞
−∞
η˜2(τ)e
−xτdτ.
Contemporary theory of radially holomorphic functions in R3, described
by the reduced quaternionic Laplace-Fueter transform, has not been con-
structed in [35]. Meanwhile, in the next book of Gu¨rlebeck, Habetha, Spro¨ßig
on applications of holomorphic functions in higher dimensions [36], published
in 2016, applications of elementary and special radially holomorphic functions
have been missed. Tools of the Fueter holomorphic potential allow us to make
up for the gap.
Remark 7.4. The Euler’s Gamma function of the reduced quaternionic ar-
gument Γ(x), where x0 > 0, in the framework of Fueter construction was
introduced by the author in 2003 [10]:
Γ(−x) := LF+∞−∞{e−e
τ
;x} =
∫ ∞
−∞
e−e
τ
e−x0τ [cos(ρτ)− I sin(ρτ)]dτ.
Relevant radially anti-holomorphic function is written as
Γ(−x) =
∫ ∞
−∞
e−e
τ
e−x0τ [cos(ρτ) + I sin(ρτ)]dτ.
Meridional electrostatic model, described by the Euler’s Gamma function of
the reduced quaternionic argument, is given by formulas:
E0 =
∫ ∞
−∞
e−e
τ
e−x0τ cos(ρτ)dτ, Eρ =
∫ ∞
−∞
e−e
τ
e−x0τ sin(ρτ)dτ.
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The zero divergence condition implies that
∞∫
−∞
e−e
τ
e−x0τ sin(ρτ)dτ = 0. (7.2)
The reduced quaternionic Fourier-Fueter cosine, sine and exponential
transforms allow us to get additionally large subclasses of elementary and
special radially holomorphic functions in R3.
Definition 7.5. Suppose that the transform kernel takes the form cos(xτ) and
ρ > 0. The reduced quaternionic integral transform of a classical real-valued
original η˜(τ)
F (x) := FFc{η˜(τ);x} =
∫ ∞
0
η˜(τ) cos(xτ)dτ =
1
2
∫ ∞
0
η˜(τ)(e−Ixτ + eIxτ )dτ
is called the reduced quaternionic Fourier-Fueter cosine transform of η˜(τ).
Meridional electrostatic models, described by the reduced quaternionic
Fourier-Fueter cosine transform, are given by formulas:
E0 =
∫ ∞
0
η˜(τ)
eρτ + e−ρτ
2
cos(x0τ)dτ =
∫ ∞
0
η˜(τ) cosh(ρτ) cos(x0τ)dτ ;
Eρ =
∫ ∞
0
η˜(τ)
eρτ − e−ρτ
2
sin(x0τ)dτ =
∫ ∞
0
η˜(τ) sinh(ρτ) sin(x0τ)dτ.
The zero divergence condition implies that∫ ∞
0
η˜(τ) sinh(ρτ) sin(x0τ)dτ = 0. (7.3)
Let us introduce the following independent reduced quaternionic vari-
able: y = Ix = −ρ + Ix0. The reduced quaternionic Fourier-Fueter cosine
transform of η˜(τ) may be implemented using the one-sided reduced quater-
nionic Laplace-Fueter transform of η˜(τ):
FFc{η˜(τ);x} = 1
2
[LF{η˜(τ); y}+ LF{η˜(τ);−y}].
Definition 7.6. Suppose that the transform kernel takes the form sin(xτ) and
ρ > 0. The reduced quaternionic integral transform of a classical real-valued
original η˜(τ)
F (x) := FFs{η˜(τ);x} =
∫ ∞
0
η˜(τ) sin(xτ)dτ =
I
2
∫ ∞
0
η˜(τ)(e−Ixτ − eIxτ)dτ
is called the reduced quaternionic Fourier-Fueter sine transform of η˜(τ).
Meridional electrostatic models, described by the reduced quaternionic
Fourier-Fueter sine transform, are given by formulas:
E0 =
∫ ∞
0
η˜(τ) cosh(ρτ) sin(x0τ)dτ ; Eρ =
∫ ∞
0
η˜(τ) sinh(ρτ) cos(x0τ)dτ.
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The zero divergence condition implies that∫ ∞
0
η˜(τ) sinh(ρτ) cos(x0τ)dτ = 0. (7.4)
Definition 7.7. Suppose that the transform kernel takes the form e−Ixτ and
ρ > 0. The reduced quaternionic integral transform of a classical real-valued
original η˜(τ)
F (x) := FFe{η˜(τ);x} =
∫ ∞
0
η˜(τ)e−Ixτdτ
is called the one-sided reduced quaternionic exponential Fourier-Fueter trans-
form of η˜(τ).
The one-sided reduced quaternionic exponential Fourier-Fueter trans-
form of η˜(τ) may be implemented using the reduced quaternionic Fourier-
Fueter cosine and sine transforms of η˜(τ):
FFe{η˜(τ);x} = LF{η˜(τ); y} = FFc{η˜(τ);x} − I FFs{η˜(τ);x}.
Meridional electrostatic models, described by the one-sided reduced
quaternionic exponential Fourier-Fueter transform, are given by formulas:
E0 =
∫ ∞
0
η˜(τ)eρτ cos(x0τ)dτ, Eρ =
∫ ∞
0
η˜(τ)eρτ sin(x0τ)dτ.
The zero divergence condition implies that
∞∫
0
η˜(τ)eρτ sin(x0τ)dτ = 0. (7.5)
Integral equations (7.1) – (7.5) have been missed in the context of theory
of holomorphic functions in n-dimensional space [35, 36] and pseudoanalytic
function theory [45, 43]. Meridional electrostatic models, described by the re-
duced quaternionic Laplace-Fueter and Fourier-Fueter transforms, raise new
issues for further consideration in the context of generalized axially symmet-
ric potential theory [76, 77, 78, 41, 24, 33].
8. Concluding Remarks
It is shown that C1-solutions of the static Maxwell system in three dimen-
sional inhomogeneous isotropic media may be characterized in the context
of generalized non-Euclidean modification of the system (R). In particular,
α-axial-hyperbolic non-Euclidean modification of the system (R) (4.6) leads
to Vekua-type systems in cylindrical coordinates (6.2) related to axial two-
sided monogenic functions [61, 62]. New apllications of our approach in two
dimensional setting are implemented in the context of GASPT.
Meanwhile, problems of geometrical optics and geo-electrostatics of in-
homogeneous anisotropic media raise the next issues for future consideration.
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Would a wide range of electrostatic fields in anisotropic media be character-
ized in the context of a generalized Riemannian modification of the system
(R)?
Contemporary electrostatic models suggest a detailed study in the con-
text of C1-solutions of the static Maxwell system in three dimensional in-
homogeneous anisotropic media, provided by a symmetric tensor Φ = (φlm)
with variable C1-components φlm = φlm(x0, x1, x2) (l,m = 0, 1, 2) and posi-
tive eigenvalues µl = µl(x0, x1, x2) (l = 0, 1, 2) (see, e.g., [65, 72]):
{
div ~D = 0,
curl ~E = 0,
(8.1)
where the vector ~D = (D0, D1, D2) = (
2∑
m=0
φ0mEm,
2∑
m=0
φ1mEm,
2∑
m=0
φ2mEm)
is known as the electrostatic induction.
The electrostatic potential h = h(x0, x1, x2) in simply connected open
domains Λ ⊂ R3, where ~E = grad h, obeys the following second order elliptic
equation (see, e.g., [65, 72, 48]):
div(Φ grad h) =
2∑
l=0
∂
∂xl
(
2∑
m=0
φlm
∂h
∂xm
)
= 0. (8.2)
Physical and geometric aspects of the system (8.1) in accordance with
applications of hyperbolic function theory in our approach lead to generalized
Riemannian modification of the system (R):


∂(φ00u0−φ01u1−φ02u2)
∂x0
+ ∂(φ10u0−φ11u1−φ12u2)
∂x1
+ ∂(φ20u0−φ21u1−φ22u2)
∂x2
= 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
,
(8.3)
where ~E := (u0,−u1,−u2). The second Beltrami differential parameter with
respect to the Riemannian metric ds2 =
∑2
l=0
∑2
m=0 gˇlm(x0, x1, x2)dxldxm
(see, e.g., [22, 1]) allows us to characterize electrostatic potentials in inhomo-
geneous anisotropic media as exact solutions of the Eq. (8.2) in the context
of contemporary Riemannian geometry. The metric tensor Gˇ = (gˇlm) is sym-
metric, wherein detGˇ 6= 0.
Suppose that specifics of inhomogeneous anisotropic media is provided
by variable coefficients φ00(x2) = x
−α00
2 , φ11(x2) = x
−α11
2 , φ22(x2) = x
−α22
2
(α00, α11, α22 ∈ R), φ01 = φ02 = φ12 = 0 (x2 > 0).
The static Maxwell system (8.1) is expressed as
{
x−α002
∂E0
∂x0
+ x−α112
∂E1
∂x1
+ x−α222
∂E2
∂x2
− α22x−α22−12 E2 = 0,
curl ~E = 0,
(8.4)
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and the system (8.3) is simplified:

x−α002
∂u0
∂x0
− x−α112 ∂u1∂x1 − x
−α22
2
∂u2
∂x2
+ α22x
−α22−1
2 u2 = 0,
∂u0
∂x1
= −∂u1
∂x0
, ∂u0
∂x2
= −∂u2
∂x0
,
∂u1
∂x2
= ∂u2
∂x1
.
(8.5)
The continuity equation (8.2) is written as
x−α002
∂2h
∂x0
2 + x
−α11
2
∂2h
∂x1
2 + x
−α22
2
∂2h
∂x2
2 − α22x−α22−12
∂h
∂x2
= 0. (8.6)
The Eq. (8.6) may be be characterized as a generalized Weinstein equa-
tion in Cartesian coordinates in case of inhomogeneous anisotropic media. A
class of exact solutions, extending a class of α-hyperbolic harmonic potentials
in three dimensional setting, may be implemented using Bessel functions.
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